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Abstract
In this paper, we discuss the representations of Cartan type Lie algebras in characteristic
p > 2, from the viewpoint of reducing rank. When the character is regular semisimple for
generalized Witt algebras, we can essentially reduce higher-rank representations to lower-
rank representations.
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Introduction
The purpose of this paper is to describe representations of Cartan type Lie
algebras of prime characteristic, from the viewpoint of rank reduction.
This work is motivated by the representation theory of classical Lie algebras
with characters of standard Levi forms, developed by Friedlander–Parshall and
Jantzen [1,2]. For a classical Lie algebra g of characteristic p under some mild
conditions, one can reduce a reduced representation of an arbitrary character to
the case of a nilpotent character. And, if a nilpotent character has a standard Levi
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form corresponding to a subset I of the set of all simple roots, the representations
g are much related to the gradations, Weyl groups, and subalgebras corresponding
to the root basis I . This reduction idea can be applied to our cases although the
situation for Cartan type Lie algebras are quite different. Unlike the situation
of classical Lie algebras, there are no universal tools like Weyl groups and the
highest weight theory, exploited in the study of their representations because of
some non-symmetry of the structures. Up to now, except for very few examples
of such Lie algebras with low ranks, we are far away from the determination of
their simple modules. Generally speaking, the lower-rank case is easier than the
higher-rank case in the study of their representations. For rank-one Cartan type
Lie algebras of typeW , there is a complete determination in [3,4] for the restricted
case, and in [5] for the nonrestricted case. So, it is also a natural idea to reduce
representations of higher-rank cases to those of lower-rank cases. Here, we give
an explanation of this idea in the case of generalized Witt algebras L=W(m : 1).
For an index subset I ⊂ {1,2, . . . ,m} and its supplement Iˆ ⊂ {1,2, . . . ,m} \ I ,
we have the divided power algebra U(Iˆ ) and the two generalized Witt algebras
W(I) and W(Iˆ ) (see Section 1.1). For any Lie algebra g, we can define a loop
algebra associated with a divided algebra U: U ⊗ g (see Section 4.1). We can
identify W(m : 1) with W(Iˆ )⊕ U(Iˆ )⊗W(I). And W(Iˆ ) normalizes each loop
subalgebra of U(Iˆ )⊗W(I) (see Section 4.3). This makes it possible to consider
some induced representations related to W(I) and W(Iˆ ). From this viewpoint
we mainly discuss in this paper representations of generalized Witt algebras with
regular semisimple characters. We can reduce their representations to the lower-
rank representations, in a large extent.
In our discussion, the loop algebras resulting from classical Lie algebras will
play an important role. Here we will be only concerned with the case when the
character is regular semisimple. Their generic representations will be a topic of
further discussion. There is a close relation between this work and Shen’s theory
of graded modules and filtered modules [6–9]. In Section 3, an idea similar to
that in [6] gives rise to the simplicity of the relevant modules. It should be
mentioned that, when I coincides with {1,2, . . . ,m}, then the corresponding
grade-zero component LI is just h, the canonical torus of L (see Section 1.2).
The representations concerned have been included in the consideration of [8,10–
12].
This paper is organized as follows. In Section 1, the ΛI -gradation, associated
with an index subset I , is introduced for a Cartan type Lie algebra L. For
an arbitrary χ ∈ L∗, there exists the smallest index subset I such that each
simple module of character χ is ΛI -graded (Section 1.4). From Section 2 on,
the discussion is limited to the case L =W(m : 1). In Section 2, for the grade-
zero subalgebra LI , the descriptions of simple modules are given (Sections 2.5
and 2.9). In Section 3, a result about the simplicity of induced modules of L
is given (Section 3.2). In Section 4, a class of loop algebras are discussed,
associated with classical Lie algebras and divided power algebras. When the
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character is regular semisimple, the result obtained (Section 4.4) is analogous
to the Friedlander–Parshall’s one in the classical Lie algebra case [1]. In the last
section, the main theorem shows that when the character is regular semisimple,
the simple representations of L are in one-to-one correspondence with those
of LI . The latter can be described through the simple representations of W(Iˆ ) and
the weights of the abelian loop algebra U(Iˆ )⊗ h(I) associated with the canonical
torus h(I) of W(I). When I is the whole index set {1,2, . . . ,m}, it has been
known that simple L-modules of character χ is just parameterized by the weights
of the torus h of L aforementioned [8].
1. Gradations of Lie algebras associated with an index set I
In this paper, we always assume that K is an algebraically closed field
of characteristic p > 2. Let L = X(m : 1)(2), X ∈ {W,S,H,K} be a simple
restricted Lie algebra of Cartan type over K. By definition, each X(m : 1)(2) is
a Lie (sub-)algebra of special derivations of the divided power algebra U(m : 1).
In this paper, we simply denote U(m : 1) by U(m), even sometimes we denote
by U(I) the divided power subalgebra of U(m : 1), corresponding to a subset
I ⊂ {1,2, . . . ,m}. For the notation concerning Cartan type Lie algebras we refer
the readers to [13,14].
1.1. Notations
For a function α on the set S over a number ringR, α :S→ R and for a subset I
of S, we often use a notation α(I) := α|I . In order to emphasize the index subset I
of S, we sometimes write αI for the elements of RI := {f | f : I →R}.
Set P := {0,1,2, . . . , p−1}. For the set S := {1,2, . . . ,m} and for a function α
on S over P , we can write (α(1), α(2), . . . , α(m)) for α. Denote A(m) := PS =
{α | α :S → P }. Suppose I = {i1 < i2 < · · · < il} ⊂ S. Then α(I) just means
(α(i1), . . . , α(il)). We denote A(I) := PI , which is actually equal to {α(I) | α ∈
A(m)}. Remember the meaning of αI introduced in the foregoing paragraph. So
naturally, for I ⊂ S = {1,2, . . . ,m} and for all αI ∈ A(I), we have U(I) = K-
span{xαI | αI ∈A(I)}, a divided power subalgebra of U(m) with product
xαI · xβI =

(
αI + βI
αI
)
xαI+βI if αI + βI ⊂A(I),
0 otherwise,
where(
αI + βI
αI
)
=
l∏
j=1
(
αI (ij )+ αI (ij )
αI (ij )
)
.
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Hence, we can define the Cartan type Lie subalgebra X(I) of X(m : 1)(2),
corresponding to I for X ∈ {W,S,H,K}. In addition, we always denote
|α| =
∑
i
α(i) for α = (. . . , α(i), . . .).
1.2. To define the gradation associated to a subset I of {1,2, . . . ,m}, we
introduce a degree function deg for the standard basis E of L; it is applied in a
more general context than just for the type W because we will give some general
facts about all four series of Cartan type Lie algebras, as a start point of our basic
idea. However, in this paper, we need it just for the type W .
First, for X =H or K , put θi = εi + εi˜ , 1 i  r , with εi = (δi1, δi2, . . . , δim)
where m= 2r for X =H , or m= 2r + 1 for X =K and i˜ = i + r . Additionally,
θm := εm for X = K . Denote by Θ the set of elements ∑akθk satisfying∑
ak = 0. Then Θ is a subgroup of the additive group Zm. Denote 〈Zm〉 the
quotient group of Zm by Θ , whose elements denoted by 〈a〉 = 〈a1, . . . , am〉
correspond to a= (a1, . . . , am) ∈ Zm.
For α = (α1, . . . , αm) ∈A(m), define deg :E→ Zm by
degxαDj = (α1, . . . , αj − 1, . . . , αm) for X =W,
degDij
(
xα
)= (α1, . . . , αi − 1, . . . , αj − 1, . . . , αm) for X = S,
where αi − 1 and αj − 1 lie in the ith and j th entries, respectively, and
degDX
(
xα
)= 〈α − θ1〉 for X =H or K.
1.3. For a given index subset I = {i1 < i2 < · · ·< il} satisfying
(1.3.1) I ⊂ {1,2, . . . ,m} for X=W or S,
(1.3.2) I ⊂ {1,2, . . . , r} where m= 2r for X =H and m= 2r + 1 for X =K ,
set
LI := K-span
{
xαDj
∣∣ (degxαDj )(I)= 0} for X =W,
LI := K-span
{Dij (xα) ∣∣ (degDij (xα))(I)= 0} for X = S, and
LI := K-span
{
DX
(
xα
) ∣∣∣∣ degDX(xα)=
〈
m∑
i=1
aiεi
〉
satisfying ai = ai˜
for i ∈ I
}
for X =H or K.
Write Λ(L) := {deg(D) |D ∈ E}. If the context is clear, denote it directly by Λ.
Set
ΛI =
{ {α(I) | α ∈Λ} for X =W or S,
{a(I − I˜ ) | a= 〈a1, a2, . . . , am〉 ∈Λ} for X =H or K ,
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where I˜ := {i˜ | i ∈ I } and
a(I − I˜ ) := (ai1 − ai˜1, . . . , ail − ai˜l ) for I = {i1 < i2 < · · ·< il}.
Here a(I − I˜ ) is really well defined because 〈a1, a2, . . . , am〉 = 〈b1, b2, . . . , bm〉
implies ai − ai˜ = bi − bi˜ for i = 1,2, . . . , r by the definition [11, 3.2]. The
following lemma is obvious.
Lemma. Suppose both I and J are as in (1.3.1) or (1.3.2).
(1) If I ⊂ J , then LI ⊃ LJ .
(2) For X =W or S, if I = {1,2, . . . ,m} then LI = h, the canonical torus in L.
If I = ∅, then LI = L.
1.4. The index subset I gives rise to a ΛI -gradation of L:
L=
⊕
α∈ΛI
Lα,
Lα =
{K-span{D ∈ E ∣∣ degD(I)= α} for X =W or S,
K-span{D ∈ E ∣∣ degD(I − I˜ )= α} for X =H or K .
For ΛI , we can define an order I similarly to [11, Section 3.1]: for X =W or S,
α(I) I β(I) if and only if |α(I)| > |β(I)| or |α(I)| = |β(I)| and α(I) > β(I)
(note: α(I) > β(I) means lexicographically ai1 = bi1, . . . , ait = bit but ait+1 >
bit+1 for 1  t < l, α(I) = (ai1, . . . , ail ), and β(I) = (bi1, . . . , bil )). For X = H
or K , a(I − I˜ )I b(I − I˜ ) is just similarly defined as above.
Set
L+(I)=
⊕
αII0
LαI , L
−(I)=
⊕
αII0
LαI , L
0(I) := LI .
Then we have a triangular decomposition for L: L = L−(I)⊕ L0(I)⊕ L+(I).
All three subalgebras are restricted Lie algebras. We will see that LI plays an
important role in representations of L the following proposition and the general
theory of representations for Lie algebras of characteristic p (see the next section).
Proposition. For any χ ∈ L∗, there exists the smallest index set I such that
χ(L±(I))= 0.
Proof. If there exist Ii , i = 1,2, such that χ(L±(Ii ))= 0, then for I := I1 ∩ I2,
χ(L±(I))= 0. This is because LI ⊂ LI1 +LI2 by Lemma 1.3(1). And
L+(I)+L−(I)⊂ (L+(I1)+L−(I1))∩ (L+(I2)+L−(I2)).
This implies the existence of the desired index set. ✷
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Remark. This result implies that any simple χ -reduced module is ΛI -graded for
the corresponding smallest index subset I (see Section 2.2).
1.5. In particular, in the case X = W we obtain by direct verification the
following lemma.
Lemma. Set Iˆ := {1,2, . . . ,m} \ I . Then LI is a semidirect sum of an abelian
ideal and a simple Lie algebra of type W with less rank than that of L itself.
Concretely:
(1) LI = LcI ⊕ L0I , where LcI = K-Span{xαIˆ+εiDi | αIˆ ∈ A(Iˆ ), i ∈ I } is an
abelian subalgebra, and L0I = K-span{xαIˆDk | αIˆ ∈ A(Iˆ ) and k ∈ Iˆ } can
be regarded as a simple generalized Witt algebra W(Iˆ ) corresponding to Iˆ .
(2) [LcI ,L0I ] ⊂ LcI .
Remark. (1) In Section 4, we will introduce so-called loop algebras associated
with the divided power algebra U(Iˆ ). Then we will be able to identify LcI with
U(Iˆ )⊗ h(I), where h(I)=K-span{xεiDi | i ∈ I } is the canonical torus of W(I).
(2) The second statement about LcI can be extended in Lemma 4.3 to U(Iˆ )⊗g′
for any subalgebra g′ of W(I).
(3) As a convention, we define LcI to be 0 when I = ∅ and L0I to be 0 when
I = {1,2, . . . ,m} (then LI is just L itself or h, respectively).
2. Representations of LI
In the sequel, we consider just the case X =W . This is to say L=W(m : 1).
For the rank-one case, it is just the Witt algebra, which representations have been
well known, due to [3,4]. So there should be expected an inductive way to describe
the representations of higher-rank Lie algebras through that of lower-rank Lie
algebras, via the relations of representations resulting from LI .
2.1. Recall that any simple g-module V for a restricted Lie algebra (g, [p])
is dependent on a linear function χ on g, called a character of g, which satisfies
the following equations for the corresponding representation ρ on V , by Schur’s
Lemma [15]:
ρ(x)p − ρ(x[p])= χ(x)p IdV ∀x ∈ g. (2.1.1)
Conversely, each representation (ρ,V ) satisfying (2.1.1) is called a χ -reduced
representation of g. All χ -reduced representations of g constitute a full subcate-
gory Mχ of the g-module category. This category is equivalent to the represen-
tation category of the corresponding finite-dimensional algebra uχ(g), which is a
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quotient of the universal enveloping algebra U(g) of g by the ideal generated by
all xp − x[p] − χ(x)p, x ∈ g. If χ is zero, then M0 is just the restricted module
category of g. And in this case u0(g) is just the restricted enveloping algebra of g,
simply denoted by u(g).
2.2. In this paper, we always suppose χ(L±(I)) = 0. Let (ρ,V ) be a χ -
reduced representation. Notice that for any standard basis element D ∈ L±(I),
D[p] = 0. Hence ρ(D)p = 0, due to (2.1.1). By the weakly-closed set theorem of
Jacobson [16], any elements of L+(I) (respectively L−(I)) act on V nilpotently.
Hence every simple χ -reduced module is ΛI -graded [6, 1.5], which is uniquely
determined by simple modules of L0(I) (= LI ) [17, 3.1].
2.3. Note that LcI is commutative. Any simple χ -reduced module of L
c
I is one-
dimensional, which is determined by a function f ∈ (LcI )∗ satisfying
f (G)p − f (G[p])= χ(G)p for G ∈ LcI . (2.3.1)
We call such an f a weight of LcI , associated with χ . Denote the set of all weights
satisfying (2.3.1) by X(χ). When χ(LcI )= 0, we call f a restricted weight of LcI .
Set
h0 := h(I)=K-span
{
xεiDi
∣∣ i ∈ I}
and
h1 :=K-span
{
xαIˆ+εiDi
∣∣ α
Iˆ
( = 0) ∈A(Iˆ ), i ∈ I}.
Then LcI = h0 ⊕ h1, as vector spaces. For any standard basis element G1 =
xαIˆ+εiDi ∈ h1, G[p]1 = 0. Hence (2.3.1) implies f (G1) = χ(G1). Thus f |h1 =
χ |h1 . For a standard basis element of h0, G0 = xεiDi , G[p]0 =G0. Hence we have
f (G0)p − f (G0)= χ(G0)p . For any other g ∈X(χ), we have the same equality
g(G0)p − g(G0)= χ(G0)p . Hence (f − g)(G0)p = (f − g)(G0). This is to say:
(f − g)(G0) ∈ Fp. Thus (f − g)|h0 is a restricted weight of h0. Combining with
f |h1 = χ |h1 = g|h1 , we have the following lemma.
Lemma. For any f,g ∈X(χ), f − g is a restricted weight of LcI . #X(χ)= p#I .
2.4. Let me first recall some facts about representations of nilpotent Lie
algebras. Suppose g is a nilpotent Lie algebra over an algebraically closed
field with a finite-dimensional representation ρ :g → gl(V ). Then V can be
decomposed into direct sum of vector spaces:
V =
⊕
τ∈g∗
Vτ , where Vτ =
{
v ∈ V ∣∣ ∃n ∈N, (ρ(g)− τ (g) IdV )n.v = 0}.
If Vτ = 0, then Vτ is called the τ -weight space of V and τ is called a weight of V .
Denote by P(V ) the set of all weights of V .
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Lemma. Let g be a nilpotent subalgebra of Lie algebra g′ over an algebraically
closed field.
(1) Suppose g′ and the g′-module V have the weight space decompositions with
respect to g:
g′ =
⊕
α∈P(g′)
g′α and V =
⊕
τ∈P(V )
Vτ .
Then g′αVτ ⊂ Vα+τ .
(2) Furthermore, if ϕ is a g′-module homomorphism from V =⊕τ∈P(V ) Vτ to
W =⊕µ∈P(W)Wµ, then ϕ(Vτ )⊂Wτ .
(3) Suppose (g, [p]) is a restricted Lie algebra. Denote for a given χ ∈ g∗,
X(χ)= {f ∈ g∗ ∣∣ f (x)p − f (x[p])= χ(x)p for all x ∈ g}.
Then for any χ -reduced representation (ρ,V ), P(V )⊂X(χ).
Proof. (1) It may be directly referred to [16, III.5]. (2) It follows from the direct
computation, according to the definition.
(3) For any τ ∈ P(V ) and v( = 0) ∈ Vτ , there exists n ∈ N such that (ρ(x)−
τ (x) IdV )p
n
v = 0. Hence ρ(x)pq v = τ (x)pq v for any integer q  n. Notice that
ρ(x)p
n+1 = ρ(x[p])pn + χ(x)pn+1 IdV . Hence
τ (x)p
n+1
v = ρ(x[p])pnv + χ(x)pn+1v = τ (x[p])pnv + χ(x)pn+1v.
Thus, (τ (x)p− τ (x[p])−χ(x)p)pnv = 0. From this it follows that τ ∈X(χ). ✷
2.5. Now we turn back to the case g′ = LI and g = LcI (note that LcI is
abelian). Suppose V is an LI -module with character χ . As an LcI -module,
V can be decomposed into direct sum of weight spaces, V = ⊕τ∈P(V ) Vτ .
By Lemma 2.4(3), P(V ) ⊂ X(χ). On the other hand, LcI is an abelian ideal
of LI . Hence, under adjoint action LI =⊕α∈P(LI )(LI )α with P(LI )= {0}. By
Lemma 2.4(1), LIVτ = (LI )0Vτ ⊂ Vf . This is to say, each weight space Vτ of V
is an LI -submodule of V . Now we suppose that V is a simple LI -module; then
#P(V ) = 1. Suppose further P(V ) = {f }. Then any simple LcI -module in V is
a stabilized line Kvf with Gvf = f (G)vf for all G ∈ LcI . And V = uχ (LI )vf .
Denote by Kf the one-dimensional module of LcI corresponding to the weight f .
Set Zχ,I (f ) = uχ (LI )⊗uχ (LcI ) Kf . From the universality of the tensor product
in Zχ,I (f ), it follows that V is a quotient of Zχ,I (f ). So we have the following
proposition.
Proposition. Each LcI -weight space of any LI -module of character χ is still an
LI -module. In particular, we have:
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(1) Any simple LI -module of character χ admits a unique weight in X(χ).
Especially, a simple module corresponding to f ∈ X(χ) is called an f -
weighted simple module and is a quotient of Zχ,I (f ).
(2) As LI -modules, all composition factors of Zχ,I (f ) are f -weighted simple
modules.
Proof. We only need to prove statement (2). Since Zχ,I (f ) is generated by an
f -weight vector ωf := 1 ⊗ 1, we have ωf ∈ (Zχ,I (f ))f . By the same argument
as above, we have P(Zχ,I (f )) = {f }. In the following we will also see that all
composition factors of Zχ,I (f ) are f -weighted simple modules. Let Mt+1 :=
Zχ,I (f ) ⊃Mt ⊃Mt−1 ⊃ · · · ⊃M1 ⊃M0 = 0 be a composition factor series of
Zχ,I (f ). Consider Mq :=Mq/Mq−1 for q = t+1, t, . . . ,1. By the statement (1),
Mq must be a g-weighted simple module for a unique g ∈X(χ). Denote by
(ρ,Zχ,I (f )) and by (ρ¯q,Mq) respectively the corresponding representations
of LcI , then ρ¯q is a quotient representation of ρq := ρ|Mq . Fix a nonzero
vector v ∈ Mq \ Mq−1. On one side, for any G ∈ LcI we have (ρq(G) −
g(G) IdMq )n1v = 0 (mod Mq−1) for a certain n1 ∈ N. And on the other
side, (ρ(G) − f (G) IdZχ,I (f ))n2v = 0 for a certain n2 ∈ N, thereby (ρq(G) −
f (G) IdMq )n2v = 0 (mod Mq−1). Choose n ∈ N such that pn > max{n1, n2}.
Then we have (f (G)− g(G))pnv = 0 (mod Mq−1). By the choice of v, it must
hold that g(G)= f (G) for any G ∈LcI . Hence g = f . ✷
Hence, we have the following corollary.
Corollary. Any simple uχ (LI )-module is an f -weighted simple module cor-
responding to a unique f ∈ X(χ). All non-isomorphic composition factors of
Zχ,I (f ) constitute a set of representatives of isomorphism classes of f -weighted
simple LI -modules.
2.6. Next, we will give further discussions about f -weighted simple modules
of LI . Denote C = LcI , A= L0I . Both of them are restricted subalgebras of LI .
For a C-module V , call v ∈ V a regular f -weight vector if Gv = f (G)v for all
G ∈C. All regular f -weight vectors constitute a C-submodule, denoted by V regf .
With respect to C, uχ(LI ) has the weight space decomposition
uχ(LI )=
⊕
f∈X(χ)
uχ (LI )f .
It is easily seen that uχ(LI )f = 0 for all f ∈X(χ). This is because the canonical
representation Γf :uχ(LI )→ Zχ,I (f ) with Γf (a) = a(1 ⊗ 1) can be regarded
an LI -module homomorphism. By Lemma 2.4(2), Γf (uχ(LI )g)⊂ (Zχ,I (f ))g =
δf,gZχ,I (f ). Hence Γf (uχ (LI )f )= Γf (uχ(LI )) = 0. Furthermore uχ(LI )f =
uχ (C)f uχ(A) because uχ(LI ) is uχ (C)-free. By Lemma 2.4(1) again, uχ(LI )f
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is an ideal of uχ (LI ). Hence for a uχ(A)-module W , the LI -module induced
from it has the weight space decomposition which is simultaneously the direct-
sum decomposition of C-submodules:
uχ(LI )⊗uχ (A) W =
⊕
f∈X(χ)
uχ(LI )f ⊗uχ (A) W.
Denote by W˜f the direct summand corresponding to f which is by Proposi-
tion 2.5 an LI -module, equal to uχ (C)f ⊗W as a vector space.
Lemma. (1) For a given f ∈X(χ), the C-module uχ (C) admits a unique regular
f -weight vector rf (∈ uχ(C)f ), up to scalars.
(2) SupposeW is a uχ(A)-module. Then as a uχ (C)-module, W˜f has the socle
rf ⊗W .
Proof. (1) Let {Gi}|hi=1 be the standard basis of C, h= dimC. Then by the PBW
theorem,
uχ(C)=
⊕
a∈Ph
KGa :=
⊕
a∈Ph
KGa11 Ga22 · · ·Gahh .
Suppose cf is a nonzero regular f -weight vector in uχ(C). We can write cf =∑p−1
q=0 KqG
q
1 with Kq ∈ uχ(C1), where C1 :=
⊕h
i=2KGi . Note that C is abelian
and uχ(C) is a free module over the commutative algebra uχ(C1). Hence from
G1cf = f (G1)cf we can obtain cf =Kp−1rG1 where
rGi :=

p−1∑
q=0
f (Gi)
qG
p−1−q
i if Gi ∈ h1,
p−1∑
q=0
f (Gi)
qG
p−1−q
i − 1 if Gi ∈ h0,
i = 1,2, . . . , h.
Here the meaning of h0 and h1 are the same as in Section 2.3. By induction,
we have cf = a∏hi=1 rGi for a ∈ K. Set rf :=∏hi=1 rGi . It can be verified by
straightforward computation that rf is a regular f -weight vector in uχ(C). Hence
uχ(C)
reg
f =Krf .
(2) Observe that (uχ (LI ) ⊗uχ (A) W)regf = (W˜f )regf . If vf =
∑
i c
(i)
f ⊗ wi
is a regular f -weight vector in W˜f , then all c(i)f ’s must be regular f -weight
vectors in uχ(C) because uχ(LI )⊗uχ (A) W is a free uχ (C)-module. Due to (1),
vf ∈ rf ⊗W . On the other hand, rf ⊗W ⊂ (W˜f )regf . Hence the C-module socle
SocC(W˜f )= (W˜f )regf = rf ⊗W . ✷
Thus we have an LI -submodule of W˜f generated by rf ⊗ W , denoted by
Rf (W), which is equal to uχ (A)rf ⊗W , as a vector space.
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2.7. Before giving Proposition 2.8, we have to make further preparation. LetW
be a uχ(A)-module. Consider the adjoint representation adLI/A :A→ gl(LI /A).
Since the mapping A → K, y  → tr(adLI /A y), sends y[p] to tr(adLI /A y)p,
there is a unique K-algebra automorphism σ of uχ(A) satisfying σ(y)  →
y − tr(adLI /A y) · 1 for all y ∈ A. Hence we can define the A-module Wσ with
underlying vector space W and the action
y ·w = σ(y)w, ∀w ∈W, y ∈A,
which satisfies σ(y)p− σ(y[p])= χ(y)p IdW . This is to say, Wσ is still a uχ(A)-
module.
Lemma. (1) As A-modules, Wσ coincides with W .
(2) If V is a uχ(LI )-module, then Homuχ (LI )(V ,uχ (LI ) ⊗uχ (A) W) ∼=
Homuχ (A)(V ,W).
Proof. (1) It suffices to prove that tr(adLI /A y) = 0 for any y ∈ A For this, we
only verify it for all standard basis elements y = xβIˆDk , k ∈ Iˆ . Notice that LI /A
is isomorphic to C as a vector space, which has the standard basis: xαIˆ+εiDi ,
i ∈ I , α
Iˆ
∈A(Iˆ ). Recall that for G= xαIˆ+εiDi ∈ C,
[y,G] =
(
β
Iˆ
+ α
Iˆ
− εk
β
Iˆ
)
xαIˆ+βIˆ−εk+εiDi
{
/∈KG if β
Iˆ
= εk ,
= α
Iˆ
(k)G if β
Iˆ
= εk .
Hence tr(adLI /A y)= 0 if βIˆ = εk and tr(adLI /A y)= 12p(p− 1)p#Iˆ−1 = 0 in K.
Hence tr(adLI /A y)= 0 for all y ∈A.
(2) From [18, 1.4] and (1), it follows that
uχ(LI )⊗uχ (A) W ∼= Homuχ (A)
(
uχ(LI ),Wσ
)= Homuχ (A)(uχ(LI ),W).
Hence we have (with referring to [19, p. 118] for the second isomorphism below)
Homuχ (LI )
(
V,uχ (LI )⊗uχ (A) W
)
∼= Homuχ (A)
(
V,Homuχ (A)
(
uχ (LI ),W
))∼= Homuχ (A)(V ,W). ✷
2.8. Proposition. Any f -weighted simple module M(f ) of LI is contained in
the LI -socle of Rf (W) up to an isomorphism, where W is a simple A-quotient
module of M(f ), and Rf (W) is defined in Section 2.6. Conversely, for any
simple A-module W with character χ , each simple LI -module in Rf (W) has
an A-quotient isomorphic to W .
Proof. Let W be a simple quotient of M(f ), both taken as A-modules.
Then Homuχ (A)(M(f ),W) = 0. Note that f is the unique weight of M(f )
(Proposition 2.5). By Lemmas 2.7 and 2.4(2) we have
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Homuχ (A)
(
M(f ),W
) ∼= Homuχ (LI ) (M(f ),uχ(LI )⊗W)
= Homuχ (LI )
(
M(f ), W˜f
)
.
Hence Homuχ (M(f ), W˜f ) = 0. Thus M(f ) can be regarded a simple LI -sub-
module in W˜f . Furthermore, any simple LI -submodule of W˜f admits a non-zero
regular f -weight vector which is contained in (W˜f )regf = rf ⊗W (Lemma 2.6).
Hence SocLI (W˜f ) = SocLI (Rf (W)). This is to say M(f ) ⊂ SocLI (Rf (W)).
The proof for the first conclusion is completed. By the same reason, one can
understand that the second conclusion is true, too. ✷
3. Induced representations of L=W(m : 1)
All notations introduced in the first sections will be kept here. Fix a χ ∈ L∗.
Then there is the smallest index set I such that χ(L±(I))= 0.
3.1. Let
L[0],I = LI +
∑
α
Iˆ
∈A(Iˆ)
∑
i,( =)j∈I
KxαIˆ+εiDj ,
L[q],I =
∑
α
Iˆ
∈A(Iˆ)
∑
αI∈A(I)|αI |=q+1
∑
i∈I
KxαIˆ+αiDi
for q = −1 and q > 0. We have a Z-gradation of L: L =⊕q−1L[q],I . Set
Lq,I =∑kq L[k],I for q  −1. Then {Lq,I } is a filtration of L. When I ={1,2, . . . ,m}, they coincide with the usual situation.
Thus we have L = L[−1],I ⊕ L[0],I ⊕ L1,I . If V is a simple L[0],I -module
with character χ , then V can be extended to a simple L0,I -module via the
trivial L1,I -action. This is because the standard basis elements of L1,I under
the [p]-mapping are carried to zero and thereby they operate nilpotently on any
χ -reduced modules. Thus the weakly closed set theorem of Jacobson ensures
that L1,I nilpotently operates on any χ -reduced modules. Hence, we have the
induction functor IndLL0,I from the uχ(L[0],I )-module category uχ (L[0],I )-Mod
to the uχ (L)-module category uχ(L)-Mod: IndLL0,I (V )= uχ(L)⊗uχ (L0,I ) V . On
the other hand, for a uχ(L)-module W, set WL1,I := {w ∈W | L1,Iw = 0}. Since
L[0],I normalizes L1,I , WL1,I is an L[0],I -module. Thus we have the fixed-point
functor K := (−)L1,I from uχ(L)-Mod to uχ (L[0],I )-Mod.
3.2. Proposition. Suppose χ(Gi) = 0 for a certain i ∈ I and Gi := xπIˆ+εiDi ,
where π
Iˆ
:=∑
j∈Iˆ (p − 1)εj . Then the functor IndLL0,I is one-to-one correspon-
dence between the isomorphism classes of simple L[0],I -modules and simple
L-modules with the same character χ .
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Proof. Set J = IndLL0,I . It is easily verified that J is left adjoint to K. Next we
have to prove that both of functors J and K carry the simple objects to the simple
objects. Suppose V is a simple object of uχ(L[0],I )-Mod. Let W := J (V ). Then
W = uχ(L[−1],I ) ⊗ V as vector spaces. For any nonzero vector w ∈W we can
express it as
w=
∑
a∈T
F a ⊗ va, (3.2.1)
where F a = F a(1)1 F a(2)2 · · ·F a(n)n , the Fq ’s are standard basis elements like Fq =
xαIˆ Di , i ∈ I , T is a certain subset of Pn for n = dimL[−1],I . If w /∈ V , then
there is an a = 0 and va = 0 in the sum expression of w (3.2.1). Without loss of
generality we may suppose F1 = xαIˆ Di1 with a(1) = 0 for a certain a ∈ T such
that |a
Iˆ
| is the smallest one among all the values |α| as long as Fq = xαDiq with
b(q) = 0 for a certain b ∈ T appearing in the sum expression of w (3.2.1), and
simultaneously such that i1 = i if xαIˆDi appears there, as a factor of a certain
summand. Thus we can rewrite w as follows:
w= F t11 F̂1t1 + F t1−11 F̂1(t1−1) + · · · + F1F̂11 + F̂10, (3.2.2)
where
F̂1q =
∑
a∈T
a(1)=q
F a|n2 ⊗ va, q = 0,1,2, . . . , t1 (< p),
a|n2 :=
(
a(2), . . . ,a(n)
)
.
According to the assumption, F̂1t1 = 0. Set F˜1 := xπIˆ−αIˆ+εi1+εiDi ∈ L+1,I . Then
for all xαDiq appearing in the sum expression (3.2.1),
[
F˜1, x
αDiq
]=
−
(
π
Iˆ
α
Iˆ
)
Gi if α = αIˆ , iq = i1,
0 otherwise.
Hence [F˜1,Fq ] = −δ1q
(
π
Iˆ
α
Iˆ
)
Gi , which implies the trivial action of F1 on F̂1q for
q = 1, . . . , t1. Furthermore,
F˜1 · f k1 =
k∑
q=0
(−1)q
(
k
q
)
F
k−q
1 (adF1)
qF˜1
= Fk1 F˜1 − k
(
π
Iˆ
α
Iˆ
)
Fk−11 Gi + δF1,Di
(
k
2
)(
π
Iˆ
α
Iˆ
)
Fk−21 x
π
IˆDi .
Due to the choice of F1, xαIˆDi does not appear in {F2, . . . ,Fq}. Hence [Gi,Fq ] =
0 for q  2. In addition, xπIˆ Di is in the abelian restricted subalgebra
⊕n
j=2KFj
when F1 =Di . From the above, we first have:
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F˜1 · F t11 F̂1t1 = −t1
(
π
Iˆ
α
Iˆ
)
F
t1−1
1 GiF̂1t1 + δF1,Di
(
t1
2
)(
π
Iˆ
α
Iˆ
)
F
t1−2
1 x
π
Iˆ DiF̂1t1
= 0.
This is due to the fact Gpi F̂1t1 = χ(Gi)pF̂1t1 = 0, along with the fact that both
GiF̂1t1 and xπIˆDiF̂1t1 are in uχ(
⊕n
j=2KFj )⊗ V . Then we have
F˜1 ·w= F t1−11 F̂ 1(t1−1) + F t1−21 F̂ 1(t1−2) + · · · + F1F̂ 11 + F̂ 0,
such that F̂ iq q = 1,2, . . . , t1−1, are all in uχ(∑nj=2KFj )⊗V and F̂ 1(t1−1) = 0.
Hence F˜1 ·w = 0. The above argument can be repeated. Thus, we have F˜ t11 ·w = 0
and there is no factor F1 appearing in any nonzero component of the sum
expression of F˜ t11 w, similar to (3.2.1). Iterating the above process, we will have
0 = F˜ thh · · · F˜ t11 ·w ∈ 1⊗ V,
where the meaning of F˜q (q = 2, . . . , h) is similar to that of F˜ . This implies the
simplicity of IndLL0,I (V ).
Conversely, suppose W is an arbitrary simple object of uχ (L)-Mod. If K(W)
contains a simple submodule W ′, by the above argument J (W ′) is a simple
uχ(L)-module. Hence J (W ′) ∼=W and K ◦ J (W ′) ∼= K(W). Furthermore, the
above argument shows that for any w ∈ J (W ′) \W ′, there is an F˜1 ∈ L1,I such
that F˜1w = 0. HenceK◦J (W ′)=W ′. This implies thatW ′ coincides with K(W).
Hence K(W) is L[0],I -simple.
Thus, the adjunction morphisms J ◦ K  → Iduχ (L)-Mod and K ◦ J  →
Iduχ (L[0],I )-Mod are both isomorphisms for simple objects. The proposition
follows. ✷
Remark. When I = {1,2, . . . ,m}, the corresponding result can be seen in [8,10].
4. The representations corresponding to loop algebras
We still set L =W(m : 1) in this section, and keep the notations used in the
preceding sections.
4.1. For the divided power algebra U = U(s : 1) and a restricted Lie algebra
(g, [p]), we can define a loop algebra L(g)= U⊗ g with Lie product:[
xα ⊗X,xβ ⊗ Y ]= (α + β
α
)
xα+β ⊗ [X,Y ].
It is not hard to verify that L(g) is still a restricted Lie algebra with(
xα ⊗X)[p] = {0 if α = 0,
1⊗X[p] if α = 0. (4.1.1)
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When g is centerless, there is a unique [p]-mapping for L(g). In fact, in this
case L(g) is also centerless because [∑i xαi ⊗ Xi, xπ−αi0 ⊗ L] = 0 implies
xπ ⊗ [Xi0 ,L] = 0 for the smallest |α0| among the values |αi | with xαi ⊗Xi = 0.
Here π denotes
∑s
i=1(p − 1)εi . Thus the [p]-mapping is uniquely determined
by (4.1.1) for a basis {xα ⊗Xi} of L(g), where α runs over A(s) and X1, . . . ,Xs
form a set of basis of g [13, II.2.2].
4.2. In the rest of this paper, we only deal with gl(I) for I as in the preceding
sections. Here gl(I) is the classical Lie subalgebra of gl(m) corresponding to the
index subset I = {i1, i2, . . . , il} ⊂ (1,2, . . . ,m}, which is isomorphic to gl(#I).
Denote by U(Iˆ ) the divided power subalgebra of U(m), with generators xαIˆ for all
α
Iˆ
∈ A(Iˆ ) (when Iˆ = ∅, let naturally define U(Iˆ ) to be K). Set ĝl(I)= L(gl(I)).
In the sequel, we always suppose that all loop algebras L(g) are associated with
the divided power algebra U(Iˆ ). Set L0¯ :=L[0],I . Then L0¯ = L0I ⊕ gIˆ , where
g
Iˆ
:=
∑
α
Iˆ
∈A(Iˆ)
∑
i,j∈I
KxαIˆ+εiDj .
Lemma. With the notations as above, g
Iˆ
is Lie-isomorphic to the loop algebra
ĝl(I).
Proof. Set φ :xαIˆ+εiDj  → xαIˆ ⊗ Eij , where Eij denotes the m × m matrix
with (i, j)-entry being one and with the others being zero. This is a desired
isomorphism. ✷
4.3. Hence, we can identify g
Iˆ
with ĝl(I) in the following discussion. In
particular, g
Iˆ
is a p-subalgebra of (L, [p]) with [p]-mapping satisfying(
xαIˆ+εiDj
)[p] = {xεiDi if αIˆ = 0 and i = j ,
0 otherwise.
This is admissible to the [p]-mapping as defined in (4.1.1) for ĝl(I). Notice that
for k ∈ Iˆ ,[
xβIˆDk, x
α
Iˆ ⊗Eij
]= (βIˆ + αIˆ − εk
β
Iˆ
)
xβIˆ+αIˆ−εk ⊗Eij . (4.3.1)
The following lemma is obvious.
Lemma. If g′ is a subalgebra of W(I), then the loop algebra U(Iˆ ) ⊗ g′ is
normalized by L0I .
4.4. Denote b0¯ := L(b)⊕ L0I and n±0¯ = L(n±) (notice the difference between
the notations n±0¯ and b0¯, as well as Ri¯ ,bi¯ and some others to appear after
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Section 4.5. Basically, such notations involving Borel or parabolic algebras mean
the sums of the corresponding loop algebras andL0I ). By the foregoing arguments,
(xa ⊗ eα)[p] = 0 for all a, α and (xa ⊗ hα)[p] = 0 for a = 0 and all α. Thus all
elements of n±0¯ act nilpotently on any χ -reduced modules of n
±
0¯ . In particular, for
any simple module V of LI , V can act as a b0¯-module with the trivial n
±
0¯ -action
(note: b0¯ = LI ⊕ n±0¯ ). Hence we have an induced module:
IndV := uχ (L0¯)⊗uχ (b0¯) V .
Similarly to the definition of a character being regular semisimple in the case of
classical Lie algebras [1], we call χ ∈L∗ regular semisimple if χ(Gα) = 0 for all
α ∈Φ+ and χ(L±(I))= 0, where Gα := xπIˆ ⊗ hα .
Proposition. Suppose χ ∈ L∗ is regular semisimple. Then uχ(LI ) and uχ (L0¯)
are Morita equivalent. In particular, the modules IndV constitute the correspond-
ing set for uχ(L0¯) when V runs over a set of representatives of the isomorphism
class of simple uχ (LI )-modules.
In the next subsections, we will prove this result, applying the same argument
as in [1] to our case.
4.5. Let Φ be the root system of g := gl(I). For α ∈ Φ , let eα ∈ g be a
nonzero root vector. We can assume that those root vectors are normalized so
that if hα = [eα, e−α] then the system {e±α,hα} satisfies [hα, e±α] = ±2e±α .
We have the decomposition of root spaces, g =⊕α∈Φ gα . Canonically, denote
n± =⊕α∈Φ± gα . Let b be the Borel subalgebra of g associated with Φ+. Suppose
R is a parabolic subalgebra of g containing the Borel subalgebra b, and R has a
Levi decomposition Z⊕N, where Z is the Levi factor and N is the nil-radical. Let
R0¯ = L(R)⊕L0I , which contains b0¯. Due to Lemma 4.3 (as well as (4.3.1)),L(N)
is still the nil-radical ofR0¯. Let R (respectivelyZ,N , B) denote the subalgebra of
uχ(L0¯) generated by R0¯ (respectively L(Z), L(N) and b0¯). Let I (−)=R⊗B −,
which is the induction functor from B-module to R-module. Then I is an exact
functor since R is a free B-module. Set (−)N (or (−)L(N)) be the fixed-point
functor with the image being the subspace consisting of all vectors annihilated
by L(N). By Lemma 4.3 L(N) is an ideal of R0¯, I (M)N and I (MN) are still
R0¯-modules for a B-module M . So by the same argument as in [1, Section 8.1],
we have the following lemma.
Lemma. Suppose N is isomorphic to the restricted enveloping algebra u(L(N))
of L(N). Then for any finite-dimensional B-module M , we have a natural
isomorphism of R-modules I (M)N $ I (MN).
B. Shu / Journal of Algebra 256 (2002) 7–27 23
4.6. The notations are as in the above subsections.
Lemma. Let R be a parabolic subalgebra of gl(I) containing the Borel
subalgebra b, and Z be its Levi factor. Suppose the derived subalgebra Z′ :=
[Z,Z] of the Levi factor is isomorphic to sl(2), spanned by {eα,hα,fα} with
χ(xπIˆ ⊗hα) = 0. If V is a finite-dimensionalB-module with the trivialEα-action,
then I (V )Eα = V . Here Eα := L(Keα).
Proof. Obviously, V ⊂ I (V )Eα . It is sufficient to prove that dim(I (V ))Eα =
dimV . If dim(I (V ))Eα > dimV , then there is at least one vector w such that
for a certain a ∈A(Iˆ ) and Fa := xa ⊗ fα ∈ Fα := L(Kfα),
w=
t∑
q=0
F
q
a · F̂q ∈ I (V )Eα , where F̂q ∈uχ
( ∑
|b||a|
b=a
KFb
)
⊗vb, vb ∈V,
q = 0,1, . . . , t > 0 and F̂t = 0 (note: Fα is an abelian restricted algebra). Set
E˜a := xπIˆ−a ⊗ eα ∈Eα . Then[
E˜a,Fb
]= {Gα if a = b,0 for b = a with |b| |a|.
Note that EαV = 0 and [Gα,Fb] = 0 for b = a with |b|  |a|. In addition,
[Gα,Fa] = −2δa,0xπIˆ ⊗ fα ∈ Fα . By the same reason as in the proof of
Proposition 3.2, we have
E˜aw =−tF t−1a F̂ t−1 ⊕
∑
q<t−1
F
q
a F̂ q,
where all F̂ q are still in uχ(
∑
b=a, |b||a| Fb) ⊗ v′b with F̂ t−1 = GαF̂t = 0
because of the condition χ(Gα) = 0. As G[p]α = 0, Gpα acts on I (V ) as the scalar
χ(Gα)
p = 0. This implies E˜aw = 0, which contradicts with w ∈ I (V )Eα . This
implies dim I (V )Eα = dimV , thereby I (V )Eα = V . ✷
4.7. The following lemma is a special case of [1, 8.4] when Φs = ∅, which is
necessary for the further discussion.
Lemma. The notations are as above. Let Φ+ be a positive root system (associated
with b). Then we can enumerateΦ+ as δ1, . . . , δr , r = |Φ+|, such that for each q ,
Φ+q := {−δ1,−δ2, . . . ,−δq−1, δq , is a system of positive roots for Φ in which δq
is a simple root. For each q , Ψq := {−δ1, . . . ,−δq} is a closed subsystem of Φ .
Thus associated with Φ+i arid Φ
+
i ∪Φ+i+1 we have for gl(I) respectively the
Borel subalgebra bi and the parabolic subalgebra Ri whose nil-radical is denoted
by Ni . In particular, the derived subalgebra of the Levi factor of Ri is isomorphic
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to sl(2) spanned by {eδi , hδi , e−δi }. Set bi¯ := L(bi¯ )⊕L0I and Ri¯ := L(Ri )⊕L0I .
Then L(Ni ) is the nil-radical of Ri¯ , as argued in Section 4.5. Similarly, Ri , Bi ,
and Ni will stand for the subalgebras of uχ (L0¯) generated respectively by Ri¯ ,
bi¯ , and L(Ni ). In particular, Ni is isomorphic to the restricted enveloping algebra
u(L(Ni )) of L(Ni ) when χ ∈L∗ is regular semisimple.
4.8. With Lemmas 4.5–4.7, we can prove the following key lemma by applying
the argument in [1, 8.5] to our case. For the convenience, we provide the proof in
the details. Below we will keep the notations appearing above in this section.
Lemma. Suppose χ ∈ L∗ is regular semisimple. Then for any simple uχ(L0¯)-
module M , MN is a simple B-submodule and the natural mapping IndMN →M
is a uχ(L0¯)-module isomorphism. Any simple uχ(L0¯)-module is N -projective.
Here the functor Ind is defined as in Section 4.4, B = uχ (b0¯) and N = u(L(n+))
(note: χ(L(n+))= 0).
Proof. Let W1 be a nonzero simple B-module in MN . We can define an
increasing filtration {Wq } of IndW1 inductively: Wq+1 = Rq ⊗Bq Wq for q  1.
Then Wr+1 = IndW1. And each Wq is a free Jq−1-module, where Jq−1 is the
subalgebra of uχ(L0¯) generated by L(gα) for α ∈ Ψq . And Jq−1 is actually
the restricted enveloping algebra of the restricted Lie algebra K-span{L(gα) |
α ∈Ψq−1} because χ |n±0¯ = 0 and the Ψq−1’s are closed. Moreover, Jq−1 ⊂Nq .
If IndW1 is not simple, then there is a proper simple submodule W ′ in IndW1.
This is to say, W ′ ∩ W1 = 0 and W ′ ∩ Wr+1 = W ′. Hence we can suppose
W ′ ∩ Wi+1 = 0 and W ′ ∩ Wi = 0 for a certain i  0. However, we find that
there are some nonzero vectors in WNii ∩W ′, and thereby show that the above
assumption impossibly occurs. For this we first consider WNii . Since Ji−1 ⊂Ni ,
W
Ni
i ⊂WJi−1i . Note that Ji−1 is a Hopf algebra, in which there exists a nonzero
left integral Ω ; i.e., uΩ = ε(u)Ω for all u ∈ Ji−1, where ε :Ji−1 → K is the
counit of Ji−1. Hence,
W
Ni
i ⊂WJi−1i =ΩWi =Ω ⊗W1.
The third equality is because Wi is Ji−1-free. Furthermore, WNii ⊂ Ω ⊗ WN11
since L(n+)W1 = 0.
Next, we will see that WNii is annihilated by Eδi . In fact, for j < i , [xa ⊗
eδi , x
b ⊗ e−δj ] is either zero or in L(gδi−δj ) if δi − δj is a root. In the latter
case, δi − δj ∈ Φ+i . Hence [Eδi ,Ω] ⊗ WN11 ∩ Ω ⊗ WN11 = 0. In addition
ΩEδi ⊗WN11 = 0. So Ω ⊗WN11 annihilated by Eδi ; i.e., (WNii )Eδi =WNii .
Note that W ′ ∩ Wi+1 = 0 and that Ni nilpotently acts on it. Therefore
(W ′ ∩Wi+1)Ni = 0. By Lemma 4.5, (W ′ ∩Wi+1)Ni ⊂ Ri ⊗Bi WNii . Now from
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W
Ni
i = (WNii )Eδi we have, by applying Lemma 4.6 to the case of Ri ,
0 = ((W ′ ∩Wi+1)Ni )Eδi ⊂ (Ri ⊗Bi WNii )Eδi =WNii .
The above results are in contradiction to W ′ ∩ Wi = 0. This implies that
IndW1 is simple. Hence any nonzero homomorphism of Ind(W1) to M is an
isomorphism. And M ∼= IndW1 is a free N−-module for N− = u(L(n−)).
Of course dimN− = dimN . Symmetrically, M is a free N -module. Hence
dimMN− = dimM/dimN = dimW1. This implies that W1 = MN . The proof
is completed. ✷
4.9. We are in a position to prove Proposition 4.4.
In the proof of Lemma 4.8, we have known that theL0¯-module IndV is simple,
and that for any simple uχ (L0¯)-moduleW , W is isomorphic to Ind(WN) and WN
is just a simple uχ (LI )-module. Thus the same argument as in [1, 3.2] results in
the second statement.
5. The main result
Let L =W(m : 1) and χ ∈ L∗. The index set I is the smallest one satisfying
χ(L+(I)) = χ(L−(I)) = 0 (see Proposition 1.4). Associated with I , we have
the subalgebra LI of L: LI = W(Iˆ ) + LcI , where LcI ∼= U(Iˆ ) ⊗ h(I) and h(I)
is the canonical torus of W(I). We still keep the notations used in the above
sections. Due to Proposition 2.5, we know that any simple LI -module V of
character χ admits a unique weight f in X(χ), and V is a quotient of Zχ,I (f )=
uχ (LI )⊗uχ (LcI ) Kf . Set B(I) = LI ⊕ L+(I). For any given f -weighted simple
module M(f ) of LI , M(f ) can be regarded as a simple uχ (B(I))-module with
the trivial L+(I)-action. Then we have the induced module IndLB(I)M(f ) :=
uχ (L)⊗uχ (B(I )) M(f ).
Theorem. Suppose χ ∈L∗ is regular semisimple. Then:
(1) The correspondence IndLB(I) is one-to-one between the isomorphism classes
of simple uχ (LI )-modules and simple uχ (L)-modules.
(2) Any simple L-module of character χ corresponds to a unique weight of LcI .
The set X(χ) of weights of all χ -reduced simple modules of L can be divided
into p#I classes. Two simple modules of different classes are non-isomorphic.
(3) All L-modules induced from non-isomorphic composition factors of Zχ,I (f )
for LI constitute a set of representatives of the isomorphism classes of simple
L-modules corresponding to f ∈X(χ).
(4) Any simple uχ (LI )-module is contained in SocLI (Rf (V )) for a unique
f ∈X(χ) and for a simple W(Iˆ )-module V with character χ , where
Rf (V ) = uχ(W(Iˆ ))rf ⊗ V , and rf is a unique regular f -weight vector of
uχ (L
c
I ), up to scalars (Section 2.6).
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Proof. Note that B(I)= b0¯ ⊕L1,I ⊂ L0,I = L0¯ ⊕L1,I ,
IndLB(I)M(f ) = uχ (L)⊗uχ (L0,I )
(
uχ (L0,I )⊗uχ (B(I )) M(f )
)
= uχ (L)⊗uχ (L0,I )
(
uχ (L0¯)⊗uχ (b0¯) M(f )
)
= IndLL0,I
(
IndM(f )
)
.
The second equality holds because uχ(L0,I ) ⊗uχ (B(I )) M(f ) is isomorphic
to IndM(f ) as uχ(L0¯)-modules, with the trivial L1,I -action on both. The
statement (1) directly follows from Propositions 3.2 and 4.4. The other statements
are due to (1), Corollary 2.5, and Proposition 2.8. ✷
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